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Abstract
Long length vacuum oscillations solution of the solar neutrino problem is dis-
cussed. We show that there is a strict correlation between a distortion of the
neutrino energy spectrum and an amplitude of seasonal variations of the neutrino
flux. The slope parameter which characterizes a distortion of the recoil electron en-
ergy spectrum in the Super-Kamiokande experiment and the seasonal asymmetry
of the signal have been calculated in a wide range of oscillation parameters. The
correlation of the slope and asymmetry gives crucial criteria for identification or
exclusion of this solution. For the positive slope indicated by preliminary Super-
Kamiokande data we predict (40 - 60) % enhancement of the seasonal variations.
1. Long length vacuum oscillations of neutrinos on the way from the Sun to the Earth are
considered as a viable solution of the solar neutrino problem [1, 2, 3, 4, 5] (see [6, 7, 8, 9] for
latest analysis) 1. There are two key signatures of this solution: (i) distortion of the neutrino
energy spectrum [4, 5], and (ii) seasonal variations of the fluxes [3].
(i). The distortion follows from a dependence of the oscillation survival probability, P , on
the neutrino energy E:
P = 1− sin2 2θ sin2
(
∆m2
4
L
E
)
. (1)
(We consider mixing of two neutrinos.) Here ∆m2 ≡ m22 −m
2
1 is the neutrino mass squared
difference, θ is the mixing angle and L is the distance between the Sun and the Earth. A
variety of distortions of the boron neutrino spectrum is expected depending on values of ∆m2
and sin2 2θ.
(ii). Seasonal variations are stipulated by ellipticity of the Earth’s orbit. The flux of
neutrinos at the Earth, F , can be written as
F = F0
(
L0
L
)2
· P (L,E), (2)
where F0 is the flux at the astronomical unit L0. The distance between the Sun and the Earth
at a given moment t equals:
L ≈ L0
(
1 + ǫ cos
2πt
T
)−1
, (3)
ǫ = 0.0167 is the eccentricity, T ≡ 1 year. The variations are expected both due to the
geometrical factor, 1/L2, and due to change of the oscillation probability [3, 5]. Depending on
values of the oscillation parameters ∆m2 and sin2 2θ one may get an enhancement or damping
of the geometrical effect [11, 12, 13] or even more complicated variations of signals.
In this Letter we point out that there is a strict correlation between a distortion of the
boron neutrino energy spectrum and seasonal variations of the boron neutrino flux. This gives
crucial criteria for identification or discrimination of vacuum oscillations solution.
2. The correlation between the distortion and time variations can be immediately seen
from the expression for the oscillation probability. Indeed, Eq. (1) gives
dP
dL
= −
dP
dE
·
E
L
= −sν ·
PE
L
, (4)
1Large mixing angles implied by this solution are however disfavored by the data from the SN87A [10].
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where
sν(E) ≡
1
P
dP
dE
. (5)
is the slope parameter which characterizes the distortion of the neutrino spectrum at a given
energy E. If spectrum distortion has a positive slope, sν > 0, then according to Eq. (4) one
gets dP/dL < 0, i.e. with increase of the distance the survival probability decreases. The
change of the flux is in the same direction as due to the geometrical factor. Therefore, for
a positive slope the vacuum oscillations enhance seasonal variations. For a negative slope,
sν < 0, Eq. (4) gives dP/dL > 0, that is, the probability increases with distance. In this case
the oscillations weaken seasonal variations due to pure geometrical factor.
Let us find the correlation explicitly. From Eqs. (1,2) we get the change of neutrino flux
with distance:
dF
dL
= −
F
L
(
2 +
dP
dE
·
E
P
)
. (6)
Here the first term is due to the geometrical effect and the second one corresponds to a
change of the probability with distance. For a positive slope both terms have the same sign
in accordance with previous discussion. Introducing the seasonal asymmetry:
Aν = 2
∆F
F¯
, (7)
where ∆F is the difference of the averaged fluxes during the winter and the summer and F¯ is
the averaged flux during the year, we can define the quantity
rν ≡
Aν −A
0
ν
A0ν
, (8)
with A0ν ≡ Aν(P = 1) being the asymmetry without oscillations. The asymmetry rν gives the
variations due to the oscillations in the units of pure geometrical effect. From (6) we get final
relation between the slope parameter and the oscillation asymmetry rν :
sν =
2
E
rν . (9)
Let us stress that this relation does not depend on oscillation parameters ∆m2, sin2 2θ at least
in the lowest order on the eccentricity ǫ.
3. The correlation described by (6, 9) holds for fixed neutrino energy. In real experiments
the energy spectrum of the recoil (produced) electrons is measured, and moreover, the inte-
gration over certain energy intervals of neutrinos as well as electrons (due to finite energy
resolution) takes place. This modifies the correlations.
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Let us consider a manifestation of the correlation in the Super-Kamiokande experiment
[14, 15]. For a majority of relevant values of ∆m2 and sin2 2θ the whole observable part of the
boron neutrino spectrum (6 - 14 MeV) is in regions with definite sign of dP/dE. Integrations
over the neutrino energy and on the electron energy weighted by the energy resolution function
lead to a strong smoothing of the observable distortion of the recoil electron spectrum. The
distortion can be well characterized by a sole slope parameter se [16] defined as:
Nosc
N0
≈ R0 + seTe, (10)
where Nosc and N0 are the numbers of events with and without oscillations correspondingly,
R0 is a constant, Te is the recoil electron energy in MeV, se is in the units MeV
−1. There is
some change of the spectrum distortion during the year due to variations of distance L [11].
However, this effect is small and can be neglected in the first approximation.
The slope parameter is determined in the following way:
(i) We calculate expected numbers of events, N iosc, for different values sin
2 2θ and ∆m2 in
the energy bins with ∆Te = 0.5 MeV from 6.5 MeV to 15 MeV (as in the Super-Kamiokande
presentation of the data):
N iosc(L) =
(
L0
L
)2 ∫ T ie+∆Te
T i
e
dTe
∫
dT ′ef(T
i
e , T
′
e)
∫
T ′
e
dE
dσ(E, T ′e)
dT ′e
F (E)P (E,L,∆m2, θ), (11)
where f(Te, T
′
e) is the energy resolution function, dσ(E, T
′
e)/dT
′
e is the differential cross-section
of the νe− scattering.
(ii) Similar numbers of events, N i0, have been calculated in absence of oscillations: N
i
0 =
N i(P = 1). Then ratios N iosc/N
i
0 have been found for each bin.
(iii) The χ2 fit of the histogram N iosc/N
i
0 by the function (10) gives se (fig. 1 a).
We will characterize the seasonal variations by the summer-winter asymmetry:
Ae ≡ 2
NW −NS
NSP +NA
. (12)
Here NW , NS , NSP , NA are the numbers of events detected from November 20 to February
19, from May 22 to August 20, February 20 to May 21, from August 21 to November 19
respectively:
NV =
∫
V
dt
∑
i
N iosc(L(t)) (V ≡W,S, SP,A). (13)
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Similar asymmetry is calculated in absence of oscillations, i.e due to pure geometrical factor:
A0e = Ae(P = 1).
Finally, we introduce (as in (8)) the signal asymmetry
re ≡
Ae
A0e
− 1, (14)
which characterizes the asymmetry due to oscillations in the units of geometrical asymmetry.
Positive re corresponds to an enhancement of the geometrical effect.
4. The correlation between the spectrum distortion and seasonal variations appears as the
correlation between the slope parameter se and the signal asymmetry re (fig. 1 - 4).
In fig.1 we show the dependence of the slope and asymmetry on ∆m2 for different values
of sin2 2θ. Both the slope and the asymmetry increase with mixing angle, whereas positions
of maxima and zeros (in ∆m2 scale) do not depend on θ. Note that zeros of the asymmetry
are shifted with respect to zeros of the slope by approximately 8% towards bigger values of
∆m2. Maximal positive asymmetry is also shifted towards bigger ∆m2 (about 25% for the
first maximum), however this difference diminishes for next maxima. In contrast, first negative
maximum of asymmetry is shifted towards smaller ∆m2. These features are related to the
integration over the neutrino and electron energies. Maximal asymmetry due to oscillations
can exceed the geometrical asymmetry (|re| > 1).
Fig. 2 shows the slope - asymmetry plot. The points correspond to different values of
∆m2 and sin2 2θ. Scattering of the points is related to the integration over the interval of the
neutrino energies. According to fig.2 the correlation can be approximated by
se = (0.03− 0.10) MeV
−1 re . (15)
Note that for the neutrino spectrum the slope is larger: according to (9) sν = 0.2 MeV
−1rν
(rν ∼ re) for E = 10 MeV.
Iso-asymmetry (a) and iso-slope (b) lines in ∆m2, sin2 2θ plot are shown in fig.3. The
iso-asymmetry plot (fig. 3a) is similar to the iso-plot of the near-far asymmetry found in [12].
Preliminary Super-Kamiokande data for 306 days [15] show a positive slope: se ∼ (0.013−
0.017) MeV−1. According to figs. 1, 3, in the region of the best fit of the integral data
(∆m2 = (5− 8) · 10−11 eV2) one expects for these values of the slope the positive asymmetry
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re = 0.4 − 0.6 . That is, an enhancement of the seasonal variations by (40 - 60) % should be
observed.
In fig. 4 we show real time seasonal variations of the flux for different values of the
neutrino parameters. Dashed-dotted line corresponds to very weak variations due to oscillation
effect and therefore practically coincides with geometrical effect. Two other lines correspond
to enhancement and suppression of the geometrical effect by oscillations. Solid line shows
variations expected from the observed slope. Also shown are the preliminary results from the
Super-Kamiokande (306 days) experiment [15] . Obviously, present statistics does not allow
one to make any conclusion. Significant result can be obtained after 4 - 5 years of the detector
operation.
In larger interval of the recoil electron energies (from 5 MeV to 15 MeV) which will be
accessible soon a description of the distortions by only one parameter may not be precise.
Moreover, seasonal variations differ at different energies. In this case one can divide the
interval into two parts: e.g., (5 - 8) MeV and (8 - 15) MeV and study the correlations in these
intervals separately. A comparison of the effects will give the cross-check of the results.
Similar correlation picture can be obtained for SNO experiment [17] where the effect is
expected to be even more profound due to weaker averaging.
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Figure 1: The dependence of (a) the slope parameter se (in MeV
−1) and (b) the signal
asymmetry re on ∆m
2 for different values of sin2 2θ. Solid , dashed, dash-dotted, and dotted
lines correspond to sin2 2θ = 1.0, 0.75, 0.5, and 0.25 respectively.
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Figure 2: The slope - asymmetry plot. The points (se − re) correspond to different values of
∆m2 (200 points between 10−11 and 10−9 eV2), and sin2 2θ (40 points between 0.025 and 1.0).
Calculations have been done on grid 200× 40.
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Figure 3: a). Iso-asymmetry lines in ∆m2, sin2 2θ plot. Solid lines correspond to positive
asymmetries: re = 0.19, 0.38, 0.57, 0.76, 0.95 (from outer to inner lines). Dashed lines
correspond to negative asymmetries: −re = 0.28, 0.56, 0.84, 1.12, 1.4.
b). Iso-slope lines in ∆m2, sin2 2θ plot. Solid lines correspond to positive values of the slope
parameter: se = 0.011, 0.022, 0.033, 0.044, 0.055 (from the outer to inner lines). Dashed lines
correspond to negative slopes: −se = 0.013, 0.026, 0.039, 0.052, 0.065.
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Figure 4: Real time seasonal variations of the flux for different values of the neutrino parame-
ters: ∆m2 = 5.82 ·10−11 eV2, sin2 2θ = 0.90 (solid line); ∆m2 = 1.06 ·10−10 eV2, sin2 2θ = 0.95
(dashed line); ∆m2 = 7.85 · 10−11eV2, sin2 2θ = 0.75 (dash-dotted line). Dashed-dotted line
coincides practically with the one due to pure geometrical effect. Also shown are preliminary
results from the Super-Kamiokande (306 days) experiment [14].
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